In this paper, we develop symplectic Hodge theory on transversely symplectic foliations. In particular, we establish the symplectic dδ-lemma for any such foliations with the (transverse) s-Lefschetz property. As transversely symplectic foliations include many geometric structures, such as contact manifolds, co-symplectic manifolds, symplectic orbifolds, and symplectic quasi-folds as special examples, our work provides a unifying treatment of symplectic Hodge theory in these geometries.
INTRODUCTION
Hodge theory on symplectic manifolds was introduced by Ehresmann and Libermann [EL49] , [L55] , and was rediscovered by Brylinski [Bry88] . Brylinski proved that on a compact Kähler manifold, any de Rham cohomology class admits a symplectic harmonic representative, and further conjectured that on a compact symplectic manifold, any de Rham cohomology class has a symplectic harmonic representative.
However, Mathieu proved that for a 2n dimensional symplectic manifold (M, ω), the Brylinski conjecture is true if and only if (M, ω) satisfies the Hard Lefschetz property, i.e., for any 0 ≤ k ≤ n, the Lefschetz map
is surjective. Mathieu's result was sharpened by Merkulov [Mer98] and Guillemin [Gui01] , who independently established the symplectic dδ-lemma. On symplectic manifolds, Fernández, Muñoz and Ugarte [FMU04] introduced a notion of weakly Lefschetz property. More precisely, for any 0 ≤ s ≤ n − 1, a 2n dimensional symplectic manifold (M, ω) is said to satisfy the s-Lefschetz property, if and only if for any 0 ≤ k ≤ s, the Lefshetz map (1.1) is surjective. Fernández, Muñoz and Ugarte extended the symplectic dδ-lemma to symplectic manifolds with the s-Lefschetz property; moreover, for any even integer s ≥ 2, they also produced examples of symplectic manifolds which are s-Lefschetz but not (s + 1)-Lefschetz, c.f. [FMU04] , [FMU07] .
The foliated version of symplectic Hodge theory has also been studied in the literature. Pak [Pak08] extended Mathieu's Lefschetz theorem to the basic cohomology groups of transversely symplectic flows. In the context of odd dimensional symplectic manifolds, He [He10] further developed Hodge theory on transversely symplectic flows, and established the symplectic dδ-lemma in this framework.
Replacing the Riemannian hodge theory used in [CNY13] by symplectic Hodge theory developed by He [He10] , Lin [L13] proved that for a compact K-contact manifold, the transverse Hard Lefschetz property on basic cohomology groups is equivalent to the Hard Lefschetz property on de Rham cohomology groups introduced in [CNY13] . In particular, this implies immediately that on a compact Sasakian manifold, the two existing versions of Hard Lefschetz theorems, established in [Ka90] and [CNY13] respectively, are mathematically equivalent to each other. Boyer and Galicki [BG08] raised the open question of whether there exist simply-connected K-contact manifolds which do not admit any Sasakian structures. Lin's Hodge theoretic methods shed new insights on the Lefschetz property of a K-contact manifold, and allow him to produce such examples in any dimension ≥ 9.
However, many singular symplectic spaces naturally arise as the leaf space of higher dimensional transversely symplectic foliations. For example, effective symplectic orbifolds in the sense of Satake [S57] , c.f. Example 2.5, and symplectic quasi-folds introduced by Prato [P01] , c.f. Example 2.6. Thus it would be natural to consider Hodge theory on transversely symplectic foliations of arbitrary dimension as well. In the present paper, for any transversely symplectic foliation, we introduce the notion of transverse s-Lefschetz property on its basic cohomology groups ( see Definition 3.9), and generalize the machinery of symplectic Hodge theory to this framework. Among other things, we prove the symplectic dδ-lemma in this setup.
We then apply our results to the study of K-contact manifolds, and prove that the transverse s-Lefschetz property imposed on the basic cohomology of a K-contact manifold is equivalent to the s-Lefschetz property imposed on its de Rham cohomology (see Theorem 6.3). As a first application, we show that on compact K-contact manifolds, the s-Lefschetz property implies a fairly general result on the vanishing of cup products, which implies that the cup length of a 2n + 1 dimensional compact K-contact manifold with the s-Lefschetz property is at most 2n−s. It is well known that the cup length of a 2n+1 dimensional compact K-contact manifold is at most 2n, c.f. [BG08, Theorem 7.4.1]. More recently, using the methods of rational homotopy theory, it is shown in [MT15] that a simply-connected 7 dimensional compact Sasakian manifold has vanishing cup product H 2 × H 2 → H 4 . Our result does not assume the K-contact manifold under consideration to be simply-connected, and simultaneously generalizes all these known results in the literature.
As a second application, for any even integer s ≥ 2, we produce examples of 2s+5 dimensional compact K-contact manifolds that are s-Lefschetz but not (s + 1)-Lefschetz. In particular, our construction provides new examples of simply-connected compact K-contact manifolds that do not admit any Sasakian structures in dimension ≥ 9.
Our paper is organized as follows. Section 2 reviews preliminaries on transversely symplectic foliations. Section 3 explains how to do Hodge theory on transversely symplectic foliations. Section 4 proves the symplectic dδ-lemma for a transversely symplectic foliation. Section 5 recalls necessary background materials on K-contact and Sasakian geometries. Section 6 proves that the transverse s-Lefschetz condition imposed on the basic cohomology groups of a compact K-contact manifold is equivalent to the s-Lefschetz condition imposed on its de Rham cohomology groups. Section 7 shows that the cup length of a compact 2n + 1 dimensional K-contact manifold with the s-Lefschetz property is at most 2n − s. Section 8 constructs, for any even integer s ≥ 2, a compact K-contact manifold that is s-Lefschetz but not (s + 1)-Lefschetz.
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REVIEW OF TRANSVERSELY SYMPLECTIC FOLIATIONS
Let F be a foliation of co-dimension q on a smooth manifold M of dimension n, and let P be the integrable subbundle of TM associated to F. A foliation chart of (M, F) is a coordinate chart (ϕ :
be a foliation chart, and let y i be the i-th coordinate of the function π • ϕ. Then we call {y 1 , · · · , y q } transverse coordinates on U.
On the foliated manifold (M, F), the spaces of horizontal forms Ω hor (M) and basic forms Ω bas (M) are defined as follows respectively.
Here Γ (P) denotes the space of smooth sections of the integrable subbundle P associated to the foliation. Since the exterior differential operator d preserves basic forms, we obtain a subcomplex of the de Rham complex {Ω * (M), d}, which is called the basic de Rham complex
The cohomology of the basic de Rham complex {Ω * bas (M), d}, denoted by
In general, the group H k B (M, R) may be infinite-dimensional for k ≥ 2. Definition 2.1 (Transversely symplectic foliation). Let M be a manifold with a foliation F. A closed two form ω is said to be transversely symplectic with respect to F, if for any p ∈ M, the kernel of ω p coincides with the tangent space of the leave passing through p. A transversely symplectic foliation is a triple (M, F, ω), such that ω is transversely symplectic with respect to the foliation F.
Example 2.2. (Contact manifolds)
On any co-oriented contact manifold (M, η) with a contact one form η, there is a nowhere vanishing Reeb vector ξ uniquely determined by the equations ι ξ η = 1, ι ξ dη = 0.
The one dimensional foliation F ξ associated to ξ is called the Reeb characteristic foliation. It is easy to see that F ξ is transversely symplectic with ω := dη being the transversely symplectic form.
Example 2.3. (Co-symplectic manifolds)
A 2n + 1 dimensional manifold M is co-symplectic, if it is equipped with a closed two form ω, and a closed one form η, such that ω n ∧ η = 0. The Reeb vector field ξ is uniquely determined by ι ξ η = 1, ι ξ dη = 0. Let F ξ be the associated Reeb characteristic foliation. Then (M, F, ω) is transversely symplectic.
Example 2.4. (Odd dimensional symplectic manifolds, [He10])
Let M be a 2n + 1 dimensional manifold with a volume form Ω and a closed 2-form ω, such that ω n = 0 everywhere. Then the triple (M, ω, Ω) is called an (2n + 1) dimensional symplectic manifold. In particular, there exists a unique canonical vector field ξ defined by ι ξ ω = 0, ι ξ Ω = ω n n! which is called the Reeb vector field on (M, ω, Ω). The Reeb vector field yields a canonical 1-dimensional foliation F ξ . It is straightforward to check that (M, ω, F ξ ) is transversely symplectic.
Example 2.5. (Symplectic orbifolds) Let (X, σ) be a 2n dimensional effective symplectic orbifold in the sense of Satake [S57] . Then the total space of the orthogonal frame orbi-bundle π : P −→ X is a smooth manifold, on which the structure group O(2n) acts locally free. Let F be the foliation induced by the O(2n) action, whose leaves are precisely given by the orbits of the O(2n) action. Set ω := π * σ. Then it is easy to see that (P, F, ω) is a transversely symplectic foliation. In this case, the leaf space of F can be naturally identified with the orbifold X.
Example 2.6. (Symplectic quasi-folds [P01] ) Suppose that a torus T acts on a symplectic manifold (X, σ) in a Hamiltonian fashion with a moment map φ : X −→ t * . Let N ⊂ T be a non-closed subgroup with Lie algebra n. Then the action of N on X has a moment map ϕ : X −→ n * , which is given by the composition of φ : X → t * and the natural projection map t * → n * .
Let a be a regular value of ϕ. Consider the the submanifold M = ϕ −1 (a) ⊂ X. The N-action on M yields a transversely symplectic foliation F with the transversely symplectic form ω := i * σ, where i : M ֒→ X is the inclusion map. When N is a connected subgroup, the leaf space of F is exactly the so called symplectic quasi-fold introduced by E. Prato [P01] .
Theorem 2.7. (Darboux theorem) Let (F, ω) be a transversely symplectic foliation of co-dimension 2n on a 2n+l dimensional manifold M. Then for any p ∈ M, there exists a foliation chart (U, ψ) around p equipped with transverse coordinates {x 1 , y 1 , · · · x n , y n }, such that
For a transversely symplectic foliation, such transverse coordinates will be called transverse Darboux coordinates.
Proof. ∀ p ∈ M, choose a foliation coordinate chart (U, ϕ) around p. Without loss of generality, we may assume that ϕ(U) = V 1 × V 2 ⊂ R l × R 2n for two open subsets V 1 and V 2 in R l and R 2n respectively. Let π : ϕ(U) → V 2 be the projection map, and let {z 1 , · · · , z l , w 1 , · · · , w 2n } be the foliation coordinates on ϕ(U).
Note that by definition, ω is a basic form. It follows easily that (ϕ −1 ) * ω induces a symplectic form σ on V 2 . Replacing V 2 by a smaller open subset if necessary, we may assume that there are Dauboux coordinates {x 1 , y 1 , · · · , x n , y n } on V 2 , such that
Now let F : V 1 ×V 2 → V 1 ×V 2 be the diffeomorphism given by the change of coordinates map (z 1 , · · · , z l , w 1 , w 2 , · · · , w 2n−1 , w 2n ) → (z 1 , · · · , z l , x 1 , y 1 , · · · , x n , y n ), and let ψ = F • ϕ. Then it is easy to see that the foliation chart (U, ψ) has the desired property stated in Theorem 2.7.
q.e.d.
TRANSVERSE SYMPLECTIC HODGE THEORY
In this section we develop the machinery of symplectic Hodge theory on a transversely symplectic foliation. We refer to [Bry88] and [Yan96] for general background on symplectic Hodge theory. We need to explain how to define the symplectic Hodge star operator on the space of basic forms. To this end, we first review the construction of symplectic Hodge star operator on a symplectic vector space.
Let (V, σ) be a symplectic vector space, where σ is a non-degenerate bilinear pairing on V. Since σ is non-degenerate, it induces a linear isomor-
Its inverse map extends linearly to a linear isomorphism ♯ : ∧ k V * → ∧ k V. Thus we get a bi-linear pairing
where α and β are k-forms on V, and < ·, · > is the natural dual pairing between k-forms and k-vectors. It is straightforward to check that this pairing is non-degenerate. In this context, the symplectic Hodge star of a k-form α on V is uniquely determined by the following equation.
We recall that the following identify holds for symplectic Hodge star operator.
(3.1) ⋆ 2 = id. Now let (F, ω) be a transversely symplectic foliation of co-dimension 2n on a manifold M, let P be the integrable sub-bundle of TM associated to the foliation F, and Let Q = TM/P. Then the projection map π : TM → Q induces a pullback map π * : ∧ r Q → ∧ r T * M. Clearly, if s is a section of ∧ r Q, then π * (s) is a horizontal r-form on M. Conversely, if α is a horizontal r-form on M, then there exists a unique section s of ∧ r Q, such that α = π * s. In particular, since ω is horizontal, there is a section σ ∈ ∧ 2 Q such that π * σ = ω. It is easy to see that at any point x ∈ M, (Q x , σ x ) is a symplectic vector space. Thus there is a (point-wise defined) symplectic Hodge star operator on the space of sections of ∧ * Q. By identifying horizontal forms on M with sections of ∧ * Q, we get a symplectic Hodge star operator
Proof. To show that ⋆α is basic, it suffices to show that for any p ∈ M, there exists a foliation coordinate neighborhood U of p, such that ⋆α has the following local expression on U.
where {x 1 , y 1 , · · · , x n , y n } are transverse Darboux coordinates on U, and I and J are multi-index.
Since α is a basic form, for any p ∈ M, there exists a foliation coordinate neighborhood U of p, equipped with transverse Darboux coordinates {x 1 , y 1 , · · · , x n , y n }, such that
where I and J are multi-index. Without loss of generality, we may assume that α| U = f(x 1 , y 1 , · · · , x n , y n )dx I ∧ dy J for some given multi-index I and J.
Since
a straightforward calculation shows that
where c is a constant, and I ′ and J ′ are multi-indexes. Therefore ⋆α must also be a basic form. q.e.d.
There are three important operators, the Lefschetz map L, the dual Lefschetz map Λ, and the degree counting map H, which are defined on horizontal forms as follows.
(3.2)
. Using transverse Ddarboux coordinates, we have the following local description of the operator Λ. We refer to [He10, Lemma 2.1.4] for a proof.
Lemma 3.2. Let (U, x 1 , · · · , x n , y 1 , · · · , y n ) be a transverse Darboux coordinate chart on M. Then for any form α ∈ Ω * (U), we have
Exploring the one to one correspondence between horizontal forms on M and sections of ∧ * Q, it is easy to see that the actions of L, Λ and H on horizontal satisfy the following commutator relations.
Note that ω is a basic form itself. As an immediate consequence of Lemma 3.1, we have the following result. Therefore, these three operators define a representation of the Lie algebra sl(2) on Ω bas (M). Although the sl 2 -module Ω bas (M) is infinite dimensional, there are only finitely many eigenvalues of the operator H. Such an sl 2 -module is said to be of finite H-type, and has been studied in great details in [Ma95] and [Yan96] . Applying [Yan96, Corollary 2.6] to the present situation, we have the following result.
where β k−2r is a primitive basic form of degree k − 2r.
Remark 3.5. Throughout the rest of this paper, we will denote the space of primitive basic k-forms on M by P k bas (M). Applying [W80, Theorem 3.16] to the present situation, we have the following Weil identity.
Lemma 3.6. Let (M, ω, Ω) be a transversely symplectic foliation of co-dimension 2n, and let α be a primitive k-form in Ω k bas (M).Then for any r ≤ n − k,
The symplectic Hodge operator gives rise to the symplectic adjoint operator δ of the exterior differential d as follows.
. It is easy to see that δ • δ = 0. Thus we have the following differential complex of homology.
The homology of the above complex, denoted by H δ (Ω bas (M), R), is called the basic δ-homology of the foliated manifold M. We note that the symplectic hodge star operator maps a δ-closed basic form of degree k to a d-closed differential basic form of degree 2n− k. Using the identity ⋆ 2 = id, it is straightforward to show the following result.
Lemma 3.7. The symplectic Hodge star operator induces a linear isomorphism
It is noteworthy that the symplectic adjoint operator δ anti-commutes with d. In this context, a basic form α is said to be symplectic harmonic if and only if dα = δα = 0. We define
.
It is easy to see that the operators L, Λ and H map harmonic forms to harmonic forms, and therefore turn Ω * hr (M) into a sl 2 module of finite Htype. Applying [Yan96, Corollary 2.6] again, we have the following result. 
is an isomorphism. More generally, for any integer 0 ≤ s ≤ n − 1, (M, ω, F) is said to satisfy the transverse s-Lefschetz property, if for any 0 ≤ k ≤ s, the Lefschetz map (3.5) is an isomorphism.
Remark 3.10. Let (X, ω) be a 2n dimensional symplectic manifold. In the literature of symplectic Hodge theory, c.f. [Ma95] , [Yan96] , X is said to satisfy the Hard Lefschetz property if for any 0 ≤ k ≤ n, the Lefschetz map (1.1) is surjective. By the Mathieu's theorem [Ma95] , this is equivalent to saying that the Brylinski conjecture holds for X. However, sometimes the Hard Lefschetz property is also used in a slightly stronger sense, c.f. [Gui01] , in which (X, ω) is said to satisfy this property if for each 0 ≤ k ≤ n, the Lefschetz map (1.1) is an isomorphism. This strengthening is necessary in order to establish the symplectic dδ-lemma. Clearly, when the symplectic manifold X is compact, these two versions of the Hard Lefschetz property are equivalent to each other due to the Poincaré duality.
Analogously, on a transversely symplectic foliation, there are two slightly different versions of the transverse Hard Lefschetz property. However, the Poincaré duality may not hold for basic cohomology groups even if M is compact. For this reason, in Definition 3.9, we use the Hard Lefschetz property in the strong sense, so that we can establish the symplectic dδ-lemma.
Definition 3.11. Let (M, ω, Ω) be a transversely symplectic foliation of co-dimension 2n. For any 0 ≤ r ≤ n, the r-th primitive basic cohomology group, PH r B (M, R), is defined as follows.
Finally, we collect here a few commutator relations which we will use later in this paper. We refer to [He10] for a detailed proof.
Lemma 3.12.
SYMPLECTIC dδ-LEMMA ON TRANSVERSELY SYMPLECTIC FOLIATIONS
In this section, we extend the symplectic Hodge theoretic results to transversely symplectic foliations. Analogous to the treatment used in [He10] , our proof follows closely the original arguments used in [Gui01] . Nevertheless, for completeness, we have made our proof as self-contained as possible. It is worth mentioning that He proved the symplectic dδ-lemma on odd dimensional symplectic manifolds under one extra condition, that there exists a so called connection one form on the foliated manifold, c.f. [He10, Theorem 3.4.1]. In the present paper, we use a slightly different argument, which allows us to establish the dδ-lemma without this assumption. Proof.
Step 1. Clearly, 1) implies 2). Assume that 2) holds. We show that for any 0 ≤ k ≤ s, the Lefschetz map (3.5) is surjective. To this end, we consider the following commutative diagram. ker
Since by Lemma 3.8, the map Ω k hr (M)
is an isomorphism, it follows easily from Condition 2) that the bottom horizontal map must be surjective.
Step 2. Assume that for any 0 ≤ k ≤ s, the Lefschetz map (3.5) is surjective. We first show that
To complete the proof, we proceed by induction on the degree of the cohomology group H k B (M, R). When k = 0, 1, it is easy to see that any 0-cycle and 1-cycle are harmonic, which implies that (4.2) holds for k = 0, 1. Assume (4.2) is true for any k < p ≤ n. To show that it holds for k = p, it suffices to show that any cohomology class in PH p B (M, R) admits a harmonic representative.
Let Proof. We first claim that (4.4) holds for 0 ≤ i ≤ s + 2. In view of (4.3), it suffices to show that PH i R) ). Then by primitivity, R) is an isomorphism, it follows that [β] B = 0. This implies that [α] B = L([β] B ) = 0, from which our claim follows. Since for each 0 ≤ k ≤ s, the Lefschetz map (3.5) is an isomorphism, (4.4) also holds for any 2n − s ≤ i ≤ 2n.
q.e.d. where α r is a closed primitive basic form of degree k − 2r. We will use downward induction on r. Note that when r > k 2 , α r = 0 is d-exact. Let us assume by induction that α r is d-exact for r > q, where q > 0, and conclude that α q is d-exact. By the induction hypothesis,
Applying L n−k+q we get from the above identity that L n−k+q α ′ = L n−k+2q α q + r<q L n−(k−2r)+(q−r) α r .
Since α r is a primitive form with degree k − 2r, we have that L n−(k−2r)+(q−r) α r = 0, ∀ r < q.
It follows that (4.7)
L n−k+q α ′ = L n−k+2q α q .
The left hand side of (4.7) is d-exact. Since k − 2q ≤ s, it follows from the transverse s-Lefschetz property that α q is exact as well. This proves that for each r > 0, α r is d-exact. Finally, if α 0 appears in the righthand side of Equation (4.6), then by the above argument,
L r α r must be exact as well. This finishes the proof of the case when 0 ≤ k ≤ s+2.
Step 2. We prove the case when 2n − s ≤ k ≤ 2n. Set p = 2n − k. Proof. We first prove a). Let α ∈ Ω k bas (M) be both d-exact and δ-closed,
where α r is a closed primitive basic form of degree k − 2r. Without loss of generality, we may assume that r ≤ n − (k − 2r), for otherwise L r α r = 0 due to the primitivity of α r . Since α is both d-exact and δ-closed, by Lemma 4.5, each term α r is d-exact. Now by Lemma 3.6, ⋆α = r≥0 C r L n−k+r α r , where C r is a constant that depends on k and r. It follows ⋆α is d-exact. Therefore α must be δ-exact.
Next we prove b). Suppose that α ∈ Ω bas (M) is both δ-exact and dclosed, and that either 0 ≤ deg α ≤ s or 2n − s − 2 ≤ deg α ≤ 2n. Then ⋆α is both d-exact and δ-closed. Moreover, either 0 ≤ deg ⋆ α ≤ s + 2 or 2n − s ≤ deg ⋆ α ≤ 2n. It follows from a) that ⋆α is δ-exact. Therefore α itself is d-exact. Finally, we note that c) is an immediate consequence of a) and b).
Suppose that τ ∈ Ω k bas (M) has the property that dτ is harmonic, where 0 ≤ k ≤ s + 2 or 2n − s ≤ k ≤ 2n. Lefschetz decompose τ as follows. We are ready to prove the symplectic dδ-lemma on basic differential forms. Proof.
Step 1. We show that 1) implies 2). Since by Proposition 4.6,
it suffices to show that for any 0 ≤ k ≤ s + 1, if a basic k-form α is both d-exact and δ-closed, then α ∈ im dδ.
We will proceed by using induction on the degree k of α. The case of degree 0 is trivial. Assume that α ∈ Ω 1 bas (M) satisfies α = df for some basic function f and δα = 0. Note that f represents a homology class in H δ (Ω 0 bas (M), R). However, it follows from Lemma 3.7 and the transverse s-Lefschetz property, that
Here the last equality holds since M is connected. Therefore there exists a constant a and a basic one form γ such that f = a + δγ. It follows that α = d(a + δγ) = dδγ. Assume by induction that this is true for basic forms up to degree < k, where k ≤ s + 1. Now suppose that a k-form α ∈ im d ∩ kerδ. By assumption, α = dβ for some β ∈ Hence δL r v is both δ-exact and d-exact. By the induction hypothesis, there exists σ ∈ Ω k−2 bas (M) such that δL r v = δdσ. Now set γ = L r v − dσ. Then α = dγ and δγ = 0. Sine γ is δ-closed, ⋆γ is a closed basic form of degree 2n − (k − 1). Since M satisfies the transverse s-Lefschetz property, by Theorem 4.1 there exists a harmonic form η such that ⋆γ − η is d-exact. Consequently, γ − ⋆η = ⋆(⋆γ − η) = δµ for some µ ∈ Ω k bas (M). Note that ⋆η is also harmonic. It follows that α = dγ = d(⋆η + δµ) = dδµ.
Step 2. We show that 2) implies 3). Note that by Proposition 4.6, we have that
Thus it suffices to show that for any 0 ≤ k ≤ s + 1, if a basic (2n − k)-form α is both δ-exact and d-closed, then it must lie in the image of dδ. Indeed, given such a basic form α, ⋆α must be both d-exact and δ-closed. Since ⋆α is of degree k, it follows from 2) that there exists a basic form η such that ⋆α = dδη. As a result, we have that α = ⋆(⋆α) = ⋆dδη = (⋆d⋆)(⋆δ⋆)(⋆η) = ±dδη.
Step 3. We show that 3) implies 1). We first show that for any 0 ≤ k ≤ s, the Lefschetz map (3.5) is surjective. In view of Theorem 4.1, it suffices to show that any cohomology class [α] ∈ H 2n−k B (M) has a harmonic representative, where 0 ≤ k ≤ s. Note that δα is both δ-exact and d-closed, and has degree 2n − k − 1. It follows from 3) that δα = δdγ for some basic form γ. Note that δ(α − dγ) = 0. Thus α − dγ is both d-closed and δ-closed, and therefore is harmonic. Clearly, α − dγ is a harmonic representative for the cohomology class [α] B .
Next, we show that for any 0 ≤ k ≤ s, the Lefschetz map (3.5) is injective.
By the same argument as given in the previous paragraph, it is easy to see that [α] B admits a harmonic representative. Without loss of generality, we may assume that α is a harmonic form. It follows that L n−k α is both d-exact and δ-closed. Thus 3) implies that L n−k α = dδγ for some basic form γ of degree 2n − k. By Lemma 3.4, γ = L n−k η for some basic k-form η. Since dδ commutes with L, L n−k α = dδ(L n−k η) = L n−k (dδη).
Recall that by Lemma 3.4, the map L n−k : Ω k bas (M) → Ω 2n−k bas (M) is an isomorphism. It follows that α = dδη. This completes the proof of Theorem 4.8.
REVIEW OF CONTACT AND SASAKIAN GEOMETRY
Let (M, η) be a co-oriented contact manifold with a contact one form η. We say that (M, η) is K-contact if there is an endomorphism Φ : TM → TM such that the following conditions are satisfied. 1) Φ 2 = −Id + ξ ⊗ η, where ξ is the Reeb vector field of η; 2) the contact one form η is compatible with Φ in the sense that
for all X and Y, moreover, dη(Φ(X), X) > 0 for all non-zero X ∈ ker η;
3) the Reeb field of η is a Killing field with respect to the Riemannian metric defined by the formula
Given a K-contact structure (M, η, Φ, g), one can define a metric cone
where r is the radial coordinate. The K-contact structure (M, η, Φ) is called Sasakian if this metric cone is a Kähler manifold with Kähler form 1 2 d(r 2 η).
Let (M, η) be a contact manifold with contact one form η and a characteristic Reeb vector ξ, let ω = dη, and let F ξ be the Reeb characteristic foliation. As we explained in Example 2.2, (M, F, ω) is an one dimensional transversely symplectic foliation. The following result relates H * B (M) to H * (M).
Proposition 5.1. ([BG08, Sec. 7.2]) 1) On any K-contact manifold (M, η), there is a long exact cohomology sequence (5.1)
where i * is the map induced by the inclusion, and j k is the map induced by ι ξ . 2) If (M, η) is a compact K-contact manifold of dimension 2n + 1, then for any r ≥ 0 the basic cohomology H r B (M, R) is finite dimensional, and for r > 2n, the basic cohomology H r B (M, R) = 0; moreover, for any 0 ≤ r ≤ 2n, there is a non-degenerate pairing
On a compact Sasakian manifold M, the following Hard Lefschetz theorem is due to El Kacimi-Alaoui [Ka90] . We introduce the following refinement of Definition 5.4. Remark 5.6. Note that by the Poincaré duality, every compact contact manifold is 0-Lefschetz. For the same reason, a simply-connected compact contact manifold is 1-Lefschetz.
K-CONTACT MANIFOLDS WITH THE TRANSVERSE s-LEFSCHETZ

PROPERTY
Throughout this section, we assume (M, η) to be a 2n + 1 dimensional compact K-contact manifold with a contact 1-form η, and a Reeb vector field ξ. Let ω = dη, and let F ξ be the Reeb characteristic foliation. We will apply the machinery developed in Section 4 to the transverse symplectic flow Proof. Consider the long exact sequence (5.1). By assumption, M satisfies the transverse s-Lefschetz property. Thus the map
is injective for any 0 ≤ i ≤ s. It then follows from the exactness of the sequence (5.1) that the map
This proves the first assertion in Lemma 6.1.
Since M satisfies the transverse s-Lefschetz property, by Theorem 4.3, for any 0 ≤ k ≤ s + 1,
. It is clear from the exactness of the sequence (5.1) that
Therefore the restriction map i * : R) is an isomorphism. Finally, the fact that i * H k B (M, R) equals (6.1) follows easily from Remark 4.2. This completes the proof of Lemma 6.1.
We are ready to define the Lefschetz map on the cohomology groups. In [CNY13] , such maps are introduced using Riemannian Hodge theory associated to a compatible Sasakian metric. In contrast, we define these maps here using the symplectic Hodge theory on the space of basic forms. Here ϕ k−i ∈ P k−i bas (M), i = 0, 2, · · · , and β k−i ∈ P k−i bas (M), i = 2, 4, · · · . Since dδ commutes with L, it follows from (6.3) that
Since dδ commutes with Λ, dδ maps primitive forms to primitive forms. It then follows from the uniqueness of the Lefschetz decomposition that
Now using the commutator relation [L, δ] = −d repeatedly, it is clear that L n−k+1 δϕ k must be d-exact, since ϕ k is a primitive k-form and so L n−k+1 ϕ k = 0. It follows immediately that η ∧ L n−k (α 1 − α 2 ) must be dexact. This completes the proof of Lemma 6.2.
q.e.d. Proof.
Step 1. Assume that M satisfies the transverse s-Lefschetz property. We show that M satisfies the s-Lefschetz property. Since M is oriented and compact, in view of the Poincaré duality, it suffices to show that for any 0 ≤ k ≤ s, the map given in (6.2) is injective.
Since M has the transverse s-Lefschetz property, and since 0 ≤ k ≤ s,
Step 2. Assume that M satisfies the s-Lefschetz property, i.e., , for any 0 ≤ k ≤ s,
is the graph of an isomorphism Lef k : H k (M) → H 2n−k+1 (M). In particular, it implies that if α is a closed primitive basic k-form, 0 ≤ k ≤ s, then
(M, R), then [α] B ∈ im L. By Remark 4.2, we may assume that α is a closed primitive basic k-form. Then for any closed primitive basic k-form β,
We observe that the map j 2n+1 : R) is an isomorphism. Indeed, it is an immediate consequence of the exactness of the sequence (5.1) at stage 2n + 1. Since H i B (M, R) = 0 when i ≥ 2n + 1, we have that
As a result,
Since β is arbitrarily chosen, by the Poincaré duality, we must have Lef k [i * [α] B ) = 0. Since Lef k is an isomorphism, i * [α] B = 0. By the exactness of the sequence (5.1),
. This proves our claim. Now we show that for any 0 ≤ k ≤ s, the map (6.5)
is an isomorphism by induction on k. By Part 2) in Proposition 5.1, it suffices to show that for any 0 ≤ k ≤ s, the map (6.5) is injective. Note that when k = 0, 1, for degree reasons, every closed basic k-form is primitive; furthermore, im L ∩ Ω k bas (M) = {0}. As a result, when k = 0, 1, the injectivity of the map (6.5) is a simple consequence of the claim we established above.
Assume that M satisfies the transverse p-Lefschetz property for p < k. 
CUP LENGTH OF LEFSCHETZ K-CONTACT MANIFOLDS
In this section, we show that for compact K-contact manifolds, the weak Lefschetz condition implies a fairly general result on the vanishing of cup products.
Theorem 7.1. Let (M, η) be a 2n + 1 dimensional compact K-contact manifold that satisfies the s-Lefschetz property, where 0 ≤ s ≤ n − 1, and let y i ∈ H k i (M, R),1 ≤ i ≤ p. If ∀ 1 ≤ i ≤ p, 1 ≤ k i ≤ s + 1, and if k 1 + · · · + k p ≥ 2n − s, then the cup product (7.1) y 1 ∪ · · · ∪ y p = 0. 
Clearly, we have that k 1 + · · · + k p − n ≥ n − s ≥ 1. It follows immediately from the exactness of the Sequence (5.1) that
The following result is an immediate consequence of Theorem 7.1.
Proof. Let y i ∈ H k i (M), 1 ≤ i ≤ p. To establish Theorem 7.2, it suffices to show that if p > 2n − s, and if k i ≥ 1, then (7.1) holds. Indeed, if there is a cohomology class, say y 1 , such that k 1 > s + 1, then we have that k 1 + · · · + k p > s + 1 + (2n − s) = 2n + 1.
So in this case (7.1) holds for degree reasons. Therefore we may assume that 1 ≤ k i ≤ s + 1, ∀ 1 ≤ i ≤ p. Since k 1 + · · · + k p ≥ p > 2n − s, in this case (7.1) follows directly from Theorem 7.1.
Since by the Poincaré duality, any compact connected K-contact manifold is 0-Lefschetz, Theorem 7.2 immediately implies the following result of Boyer and Galicki [BG08, Theorem 7.4.1].
Corollary 7.3. The cup length of a 2n + 1 dimensional compact connected Kcontact manifold is at most 2n.
On the other hand, by Theorem 5.2, any 2n + 1 dimensional compact Sasakian manifold satisfies the transverse hard Lefschetz property. Theorem 7.2 gives us the following upper bound for the cup length of a compact Sasakian manifold.
Corollary 7.4. The cup length of a 2n+1 dimensional compact Sasakian manifold is at most n + 1.
BOOTHBY-WANG FIBRATION OVER WEAKLY LEFSCHETZ SYMPLECTIC
MANIFOLDS
In this section, we apply the main result obtained in Section 6 to a Boothy-Wang fibration, and use it to construct examples of K-contact manifolds without any Sasakian structures in dimension ≥ 9.
We first briefly review Boothby-Wang construction here, and refer to [Bl76] for more details. A co-oriented contact structure on a 2n + 1 dimensional compact manifold P is said to be regular if it is given as the kernel of a contact one form η, whose Reeb field ξ generates a free effective S 1 action on P. Under this assumption, P is the total space of a principal circle bundle π : P → M := P/S 1 , and the base manifold M is equipped with an integral symplectic form ω such that π * ω = dη. Conversely, let (M, ω) be a compact symplectic manifold with an integral symplectic form ω, and let π : P → M be the principal circle bundle over M with Euler class [ω] and a connection one form η such that π * ω = dη. Then η is a contact one form on P whose characteristic Reeb vector field generates the right translations of the structure group S 1 of this bundle. It is easy to deduce the following result as a direct consequence of Theorem 6.3. Theorem 8.1. Let π : P → M be a Boothby-Wang fibration as we described above. Then (P, η) satisfies the s-Lefschetz property if and only if the base symplectic manifold (M, ω) satisfies the s-Lefschetz property.
Next, we recall an useful result [Ha13] on when the total space of a Boothby-Wang fibration is simply-connected. Let X be a compact and oriented manifold of dimension m. We say that c ∈ H 2 (X, Z) is indivisible if the map c∪ : H m−2 (X, Z) → H m (X, Z) is surjective. We are ready to prove the main result of Section 8.
Theorem 8.5. For any even integer s ≥ 2, there exists a 2s + 5 dimensional simply-connected compact K-contact manifold (M, η), such that (M, η) is s-Lefschetz but not (s + 1)-Lefschetz, and such that b s+1 (M) ≤ 3 is odd. In particular, M does not support any Sasakian structure.
Proof. By Theorem 8.3, there is a closed simply-connected symplectic manifold (W s , ω) of dimension 2(s + 2) that is s-Lefschetz but not (s + 1)-Lefschetz. Moreover, the symplectic form ω is integral, and b s+1 (W s ) = 3. Without loss of generality, we may also assume that [ω] is indivisible. Let (M, η) be the Boothby-Wang firbation over (W s , ω) whose Chern class is q.e.d.
